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Abstract
Flavour symmetries have been used to constrain both quark and lepton mixing
parameters. In particular, they can be used to completely fix the mixing angles. For
the lepton sector, assuming that neutrinos are Majorana particles, we have derived
the complete list of mixing patterns achievable in this way, as well as the symmetry
groups associated to each case. Partial computer scans done in the past have hinted
that such list is limited, and this does indeed turn out to be the case. In addition,
most mixing patterns are already 3-sigma excluded by neutrino oscillation data.
∗E-mail: renato.fonseca@ific.uv.es; contribution to the proceedings of the 37th International Confer-
ence on High Energy Physics (ICHEP 2014), Valencia, Spain, 2 – 9 July 2014, based on [1]
‡E-mail: walter.grimus@univie.ac.at
1
ar
X
iv
:1
41
0.
41
33
v1
  [
he
p-
ph
]  
15
 O
ct 
20
14
1 Introduction
2 Residual symmetries of the lepton mass matrices
Two lepton mixing angles are known to be large, yet there is no established theory which
explains their values. One hypothesis is that the lepton flavour structure is explained by
the existence of some finite symmetry which acts on flavour space. Given that symmetry
is known to play a critical role in fundamental physics, this is a particularly appealing
possibility, which was explored extensively in the literature. However, most research has
focused on building models which incorporate particular flavour symmetries, with little
attention being given to the problem of systematically cataloging the various possibilities.
References [2, 3] are notable exceptions, where the GAP program [4] was used to
make scans over various groups and representations, yielding lists of lepton mixing ma-
trices which can be obtained from finite flavour symmetries. However, even though these
are interesting pioneering works in this area, by the very nature of such computational
scans, they are necessarily partial since there are infinitely many groups to be searched.
Furthermore, it is useful to have not just a computational understanding of the problem,
but an analytical one as well.
In [1] we have done such a systematic study for the cases where the lepton mixing
matrix is predicted completely by a finite discrete symmetry, leaving no relation between
mixing angles and mass ratios. It is then appropriate to first briefly review the relation
between this class of models and the residual symmetries of the lepton mass matrices.
Assuming that neutrinos are Majorana particles, the mass terms of leptons are the fol-
lowing:
Lmass = −`LM``R + 1
2
νTLC
−1MννL + h.c. (1)
A transformation (`L, νL)→ (T`L, SiνL) with T = U † · diag
(
λ
(0)
1 , λ
(0)
2 , λ
(0)
3
)
· U and S1,2,3
given by diag (−1,+1,+1), diag (1,−1,+1), diag (+1,+1,−1) will impose U as the lepton
mixing matrix, provided that the eigenvalues of T are distinct.1 To be precise, given that
this symmetry leaves the lepton masses completely unconstrained, one is able to impose
that the absolute values of the entries of the mixing matrix are given by |U |ij ≡ |Uij|, up
to row and column permutations of U .
The {T, Si} matrices generate a group G, which is infinite in general. However, it
should be noted that the cases where G is finite are particularly interesting and deserve
special attention, as they provide a way to avoid having massless scalar particles. One
can ask: when does T and the Si generate a finite group?
The answer to this question depends on both U and the eigenvalues of the T matrix
(the λ
(0)
i ). For example, in [5] it was proven that for tribimaximal mixing (TBM) — which
was an acceptable ansatz until the reactor angle was measured to be appreciable — the
resulting group is finite if and only if the eigenvalues of T are (1, ω, ω2) up to permuta-
tions of these values and multiplication by a common root of unity (ω ≡ exp(2pii/3)).
Depending on this multiplicative root of unity, G might be S4 or some other group which
1If this is not the case, two T matrices are needed.
2
contains it as a subgroup. It is therefore natural to associate tribimaximal mixing with
the effective symmetry group S4.
The technique used in [5] to derive this connection relied on scanning all finite sub-
groups of SU(3) (as listed in [6, 7]; see also [8]) and on analyzing their 3-dimensional
irreducible representations. However, there is a simpler way to derive the same result.
3 Roots of unity, and finite groups
The finiteness of a group G requires that the eigenvalues of its elements g ∈ G, in any
representation, must be roots of unity. This is a direct consequence of the fact that there
is always some positive integer n such that gn = e (the identity element). As such, the
eigenvalues of T (the λ
(0)
i ) as well as those of TSj (which we may call λ
(j)
i ) must all be
roots of unity. Computing the eigenvalues of the TSj matrices as a function of those
of T can be done, but the expressions are in general complicated so, instead of looking
at the λ
(j)
i individually, we may consider the combinations λ
(j)
1 + λ
(j)
2 + λ
(j)
3 which are
just the traces of the matrices TSj (no additional useful information is obtainable from
λ
(j)
1 λ
(j)
2 + λ
(j)
1 λ
(j)
3 + λ
(j)
2 λ
(j)
3 and λ
(j)
1 λ
(j)
2 λ
(j)
3 ). For U = UTBM , it is easy to check that
λ
(0)
1 + λ
(0)
2 + λ
(0)
3 + 3
(
λ
(2)
1 + λ
(2)
2 + λ
(2)
3
)
= 0 . (2)
This is a vanishing sum of roots of unity with integer coefficients, whose solutions can be
found using theorem 6 of [9]. There are two: either (a) λ
(0)
1 = λ
(0)
2 = λ
(0)
3 = −λ(2)i and
λ
(2)
j = −λ(2)k (i 6= j 6= k 6= i), or (b)
(
λ
(0)
1 , λ
(0)
2 , λ
(0)
3
)
= ξ (1, ω, ω2) and
(
λ
(2)
1 , λ
(2)
2 , λ
(2)
3
)
=
ξ′ (1, ω, ω2) for some roots of unity ξ, ξ′ (up to permutations amongst the λ(0)i /λ
(2)
i ).
Solution (a) implies that the eigenvalues of T are completely degenerate (T ∝ 1) which
is unacceptable from the physical point of view (see section 2). Solution (b) is the one
reported in [5].
4 The lepton mixing matrices compatible with finite
symmetries
Instead of just scanning the allowed λ
(0)
i for a particular value of U , in [1] we considered
the problem in full generality, which resulted in the list of all the values of
(
λ
(0)
i , U
)
which
lead to a finite group. To do so, we applied known results concerning roots of unity (see
also [10]), without having to rely on the classification of the finite subgroups of SU(3),
nor did we have to use group or representation theory. This is particularly relevant given
that finding the finite subgroups of SU(3) and their representations over the last century
was not a straightforward task (see [11]).
In a first step, it can be shown that, up to row and column permutations, the rep-
resentation matrix X of any element of a finite group which contains the Si is of the
3
form
|X| =
 0
1√
2
1√
2
1√
2
1
2
1
2
1√
2
1
2
1
2
 ,
 12
√
5−1
4
√
5+1
4√
5+1
4
1
2
√
5−1
4√
5−1
4
√
5+1
4
1
2
 ,
or
 1 0 00 cos θ sin θ
0 sin θ cos θ
 , (3)
where θ is some rational angle (θ = piq, with q ∈ Q). This applies to X = T but also to
X = T 2, for example. It is then possible, in a second step, to enumerate all the possible
T ’s by knowing the allowed values of |T | and |T 2|.
Given that the rows of U∗ are the eigenvectors of T , we end up with a list of the lepton
mixing matrices which are compatible with a finite flavor group G. This list contains 17
sporadic U ’s involving three-flavour mixing, as well as the infinite series of mixing matrices
|U |2 = 1
3
 1 1 + Re ρ 1− Re ρ1 1 + Re (ωρ) 1− Re (ωρ)
1 1 + Re (ω2ρ) 1− Re (ω2ρ)
 (4)
where ρ = exp (2piip/n) can be any root of unity. The sporadic cases are associated
with the minimal groups A4, S4, A5, PSL(2, 7) and Σ(360 × 3) and they are excluded
by neutrino oscillation data at more than 3σ since they all predict either sin2 θ13 = 0 or
sin2 θ13 equal or larger than
(
5−√21) /12 ≈ 0.035.
That leaves the infinite series of equation (4) — for −0.69 . Re (ρ6) . −0.37 — as the
only phenomenologically viable case (see figure 1). Note that this type of mixing implies
a θ23 reasonably far from maximal (sin
2 θ23 ∼ 0.4 or 0.6), and a trivial Dirac-type phase
δ. If n is not divisible by 9, it can be shown that the minimal group G is ∆ (6m2), with
m = lcm (6, n) /3; otherwise G is a semi-direct product of the form
(
Zm × Zm/3
)
o S3,
with m = lcm (2, n).
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Figure 1: Plots showing the angles predicted by some of the mixing matrices which
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